Abstract. We generalize a theorem due to Dirac and show that every Meyniel weakly triangulated graph has some vertex which is not the middle vertex of any P 5 . Our main tool is a separating set notion known as a handle.
1. Introduction. C k and P k represent the induced cycle and path with k vertices, and C k and P k their complements. The rst of the following two theorems is a well-known result of Dirac from 1961; the second is the main result of this paper. Theorem 1.1. D] Every graph with no C k for k 4 has some vertex which is not the middle vertex of a P 3 . Moreover, if the graph is not a clique then it has two non-adjacent such vertices.
2 Theorem 1.2. Every graph with no C k for k 5 and no P 5 has some vertex which is not the middle vertex of a P 5 . Moreover, if the graph is not a clique then it has two non-adjacent such vertices.
2
The classes of graphs referred to in Theorems 1.1 and 1.2 are called triangulated (or chordal) and Meyniel weakly triangulated respectively, the latter being the intersection of Meyniel graphs M] (those in which every odd cycle other than a triangle has at least two chords) with weakly triangulated graphs H1] (those with no C k or C k for k 5).
We prove our theorem by focusing on handles, nontrivial connected subgraphs which satisfy certain separation and adjacency conditions. We rst establish new results for handles in arbitrary graphs and then apply these results to Meyniel weakly triangulated graphs.
2. Handles. Roughly, a handle is a non-trivial connected subgraph highly connected to and minimally separated by its neighborhood. Handles were introduced recently as a structural concept useful for graph decomposition H2] . In this section we extend results on handles by showing how to nd a 2K 2 -free handle in an arbitrary graph. (2K 2 is the graph with four vertices and two non-adjacent edges.) In other words, H 1 and J 1 are handle and co-handle respectively not only of the graph G H] but also of the graph G. Now the proof follows from the fact that H 1 does not contain the edge q and so is a proper subset of the original handle H; thus the algorithm terminates and when it does the nal handle contains no 2K 2 .
The following summarizes some consequences of the preceding algorithms. A graph has a handle if and only if it contains P 3 .
A graph has two separable handles if and only if it contains 2K 2 . Every handle contains a 2K 2 -free handle.
Proof. The rst part, proved in H2], follows by observing that any handle together with its co-handle induces a graph which contains P 3 , and that a P 3 yields a valid input for Algorithm 2.1 which in turn yields a valid input for Algorithm 2.2.
To show the second part, rst observe that any two separable handles together induce a graph which contains 2K 2 . Next, observe that any 2K 2 is valid input for Algorithm 2.1, and that the output is two non-trivial minimally separated components; Proof of Theorem 1.2. Let G be a Meyniel weakly triangulated graph. If G is 2K 2 -free then no vertex of G is the middle of a P 5 and the theorem holds. Suppose then that G has some 2K 2 . By Theorem 2.5 G has separable handles X and Y , and each contains a 2K 2 -free handle, so G has separable 2K 2 -free handles X 0 and Y 0 . If each of these contains some not mid-P 5 vertex, then the theorem holds. Suppose then 1 Also, there is some handle in which an additional property holds when H 0 is non-empty, namely 11. every P 4 of G H] has both middle vertices in H 0 .
The proof follows by applying an algorithm similar to Algorithm 2.3 to a 2K 2 -free handle in a
Meyniel weakly triangulated graph, using any P 4 which violates the conclusion to nd a suitable starting set.
that for one of these sets, say X 0 , every vertex is mid-P 5 in G. Relabel X 0 as H, and let S, H 0 and R be as described in Theorem 3.1. First suppose that H 0 is empty. Let h 1 be any vertex of H 1 . Since every vertex of H is mid-P 5 , G has some P 5 (a; b; h 1 ; d; e). Theorem 3.1 and G H] being 2K 2 -free (and so P 5 -free) imply that b and d are both in S 1 or both in S 0 , and a and e in R, and that in each case (a; b; s 2 ; d; e) is a P 5 for every vertex s 2 in S 2 . It follows that every vertex in S 2 is mid-P 5 in G. Similarly, by considering any vertex h 2 in H 2 it follows that every vertex in S 1 is mid-P 5 in G.
Let G 0 be the graph obtained from G by removing all edges of G H]. Using Theorem 3.1, it is routine to verify that G 0 is Meyniel weakly triangulated. Observe that every vertex of H S 1 S 2 is mid-P 5 in G 0 . By induction on the number of edges, we may assume that the theorem holds for G 0 , so (since G 0 is not a clique) G 0 contains two non-adjacent vertices v 1 and v 2 that are each not mid-P 5 in G 0 . By the conclusion of the preceding paragraph, these vertices are in V ?H ?S 1 ?S 2 = S 0 R. Now by the following observation v 1 and v 2 are not mid-P 5 in G as well as G 0 , and the theorem holds for this case.
Observation 3.2. Let G 0 be a graph obtained by removing a set of edges T from a graph G, let v be a vertex that is not mid-P 5 in graph G 0 , and let v be universal or null in G on each edge of T. Then v is not mid-P 5 in G.
Next suppose that H 0 is non-empty. Let H 1 be H ?H 0 . Argue as in the previous case. Let h be any vertex of H; every vertex of H is mid-P 5 , so G has some P 5 (a; b; h; d; e). Theorem 3.1 and H being 2K 2 -free imply that b and d are in S and a and e in R. Furthermore, let s be any vertex of S that misses some vertex h 1 of H; since H 0 is S-universal, h 1 is in H 1 . The vertex h 1 is mid-P 5 in G, so there is some P 5 (u; v; h 1 ; x; y) with v and x in S and u and y in R. Let S 0 be the component of G S] containing v and x. By (9) of Theorem 3.1 h 1 is universal on S 0 , so s is in S ? S 0 , so s sees v and x, and misses u (otherwise fs; h 1 ; u; x; vg is a P 5 of G, contradiction) and similarly misses y. Thus (u; v; s; x; y) is a P 5 and s is mid-P 5 in G.
Again, let G 0 be the graph obtained by removing all edges of G H]; again, using Theorem 3.1 it is routine to verify that G 0 is Meyniel weakly triangulated. By inductive assumption G 0 has two non-adjacent vertices v 1 and v 2 that are not mid-P 5 ; by the arguments above each of these vertices is either in R, or in S and H-universal. Fig. 1 . A minimal graph for the property \every vertex is the middle of a P 5 ".
obtained by adding an edge between the end vertices of a P 4 in a C 6 .) Theorem 4. One way to describe M k and E k is to specify the corresponding sets f(M k ) and f(E k ) of minimal forbidden graphs. A graph is in f(M k ) if and only if every vertex is mid-P k and every proper induced subgraph has some vertex not mid-P k . The set f(E k ) is de ned analogously. An element of f (M 5 ) is shown in Figure 1 . The sets f(M k ) and f(E k ) are easily determined for k 3, and unknown for larger k. (K t is the complete graph with t vertices.)
Dirac's theorem cannot be strengthened, since the set of graphs excluded in the hypothesis is exactly f (M 3 ). On the other hand, each of Theorems 1.2, 4.1 and 4.2 can be strengthened, since for k 4 neither f(M k ) nor f(E k ) contains P 5 .
There are many other forms of generalization of Dirac's theorem. One involves replacing the property \not mid-P 3 " of the conclusion with a list of possible proper-ties, such as \not mid-P 4 , or not end-P 4 "; see HK] and HMOP]. Another involves replacing the vertex property with an edge property, for example \not the middle edge of a P 4 "; see CR] and ES].
In closing, we mention one last related result. A graph is chordal bipartite if it is triangulated (or chordal) and bipartite (in other words, bipartite and having no C k with k 6). Notice that chordal bipartite is the same as Meyniel weakly triangulated and bipartite; thus our main result strengthens the following classic result, known under several variants applying respectively to strongly chordal graphs, totally balanced matrices, and hypergraphs (see Corollary 5.5 in L]).
Theorem 4.3. AF,BK,DM,L] Every chordal bipartite graph has some vertex which is mid-no-P 5 .
Consequently, the only bipartite graphs in f (M 5 ) are even chordless cycles with six or more vertices.
